NEO BALANCING NUMBERS AND THEIR ROLE IN SEQUENCES

NATDANAI CHAILANGKA

A DISSERTATION PROPOSAL SUBMITTED IN PARTIAL FULFILLMENT OF
THE REQUIREMENTS FOR DOCTOR DEGREE OF PHILOSOPHY
IN MATHEMATICS
FACULTY OF SCIENCE
BURAPHA UNIVERSITY
2025
COPYRIGHT OF BURAPHA UNIVERSITY



NEO BALANCING NUMBERS AND THEIR ROLE IN SEQUENCES

NATDANAI CHAILANGKA

A DISSERTATION PROPOSAL SUBMITTED IN PARTIAL FULFILLMENT OF
THE REQUIREMENTS FOR DOCTOR DEGREE OF PHILOSOPHY
IN MATHEMATICS
FACULTY OF SCIENCE
BURAPHA UNIVERSITY
2025
COPYRIGHT OF BURAPHA UNIVERSITY



The Dissertation of Natdanai Chailangka has been approved by the examin-
ing committee to be partial fulfillment of the requirements for the Doctor Degree of
Philosophy in Mathematics of Burapha University.

Advisory Committee Examining Committee

Principal advisor

.............................................................................................. Chair Committee

(Assoc. Prof. Dr.Apisit Pakapongpun) (Assoc. Prof. Dr.Areeyuth Sama-Ae)

................................................. Committee

(Assoc. Prof. Dr.Apisit Pakapongpun)

................................................. Committee

(Assoc. Prof. Dr.Detchat Samart)

................................................. Committee

(Asst. Prof. Dr.Annop Kaewkhao)

................................................. Committee

(Asst. Prof. Dr.Phakhinkon Phunphayap)

............................................................... Dean of the Faculty of Science

(Assoc. Prof. Dr. Usavadee Tuntiwaranuruk)

This Dissertation has been approved by Graduate School Burapha University
to be partial fulfillment of the requirements for the Doctor Degree of Philosophy in

Mathematics of Burapha University.

.......................................................... Dean of Graduate School



This study received a research funding from the Graduate School, Burapha University.



ACKNOWLEDGEMENT

Above all, I would like to express my deepest gratitude to my advisor, Assoc.
Prof. Dr. Apisit Pakapongpun. He has been more than an academic mentor—he has
been a pillar of support in every aspect of my life. Through challenges, doubts, and
obstacles, he has always guided and encouraged me. His wisdom, patience, and belief in
me have shaped both my academic and personal growth. Without him, this dissertation
would not have been possible, and [ would not be who I am today. I am forever grateful
for his dedication and selflessness.

I also extend my thanks to the committee members for their invaluable advice,
which contributed greatly to the improvement of this dissertation. I am grateful to the
Department of Mathematics, Burapha University, for being a second home, providing
knowledge, and fostering my growth academically and personally. The activities here
have helped shape me into a well-rounded graduate.

I am deeply grateful to the Faculty of Science, Burapha University, for offering
opportunities and support throughout my academic journey. I truly appreciate every
opportunity I’ve received and the kindness shown to me.

Thank you to my friends, peers, seniors, juniors, and everyone [’ve met at this
university. Each person and experience has helped me reach this point, and I am thankful
for everything and everyone who has been part of my journey.

Lastly, my heartfelt thanks go to my family for their unwavering support and
encouragement. Without them, I could not have reached this point, and their presence

has been the foundation of my achievements.

Natdanai Chailangka



64810103 : MAJOR: MATHEMATICS; Ph.D. (MATHEMATICS)

KEYWORDS : T-NEO BALANCING NUMBERS / GENERALIZED SEQUENCE
NEO BALANCING NUMBERS / DIOPHANTINE EQUATIONS /
PELL’S EQUATIONS / RECURRENCE RELATIONS

NATDANAI CHAILANGKA : NEO BALANCING NUMBERS AND THEIR
ROLE IN SEQUENCES. ADVISORY COMMITTEE:APISIT PAKAPONGPAN, Ph.D.
55 P. 2025.

This dissertation focuses on the study of neo balancing numbers and their rela-
tionships to classical balancing numbers, t-balancing numbers, and sequence t-balancing
numbers. We introduce the concept of t-neo balancing numbers and derive their fun-
damental properties, including generating functions and recurrence relations. Further-
more, we explore the generalization of neo balancing numbers within sequences defined
by linear expressions, and establish several significant results linking neo balancing
numbers to Diophantine equations and Pell-type structures via important Brahmagupta’s
identity. Thus, we discover generalized sequence neo balancing numbers and their theo-
rem. Furthermore, we also study certain sequences on sequence t-neo balancing number
which can be expanded in the future. The findings contribute to the deeper understand-

ing in number theory and open new directions for future research.
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Notation

The set of all integers.

The set of all positive integers.
The n*" balancing number.

The n*" Lucas balancing number.
The n'* cobalancing number.

The n'" cobalaner.

The n'" Fibonacci number.

The n'* Lucas number.

The imaginary unit.

The n*" neo balancing number.
The n'* Lucas neo balancing number.
The n'* t-balancing number.

The n'* Lucas t-balancing number.
The n*" t-neo balancing number.

The n'* Lucas t-neo balancing number.



CHAPTER 1
INTRODUCTION

In this chapter, we introduce some background on balancing numbers and neo bal-
ancing numbers. Furthermore, we present some interesting results on balancing num-

bers and neo balancing numbers.

Introduction

Behera and Panda (1999) discovered balancing numbers via studying the square
roots of triangular numbers. Then the balancing numbers and fascinating properties
of balancing numbers were found and many researches about balancing numbers have
been extensively investigated and generalized in various ways. Over the years, Panda
(2007) studied interesting sequences in balancing numbers and some properties. Later
on Dash and Ota (2012) succeeded in generalizing balancing numbers in an innovative
way and introduced t-Balancing numbers. Chailangka and Pakapongpun (2021) defined
and introduced neo balancing numbers and then investigated a generating function, re-
currence relations and an application to a Diophatine equation of neo balancing numbers.
Moreover, the relations between neo balancing number and balancing number and the
connection of analogous properties of neo balancing numbers were also provided.

Motivated by prior studies of balancing numbers, we initiated researching and
questioning on properties and generalization of neo balancing numbers. We expect that
neo balancing numbers can be generalized and we investigate some fascinating proper-

ties of neo balancing numbers.

Research Objectives

1. To study properties and generalization of balancing numbers.

2. To survey some interesting results on balancing numbers and some type of



generalized balancing numbers.

3. To generalize neo balancing numbers in some direction.

Scope of the study

In this dissertation, we will study properties and generalization of balancing
numbers and survey some interesting results on balancing numbers and some type of
generalized balancing numbers. Then we will generalize neo balancing numbers in some

direction.



CHAPTER 2
PRELIMINARIES AND LITERATURE REVIEWS

In this chapter, we will present important preliminary notes and some literature re-
views concerning balancing numbers, neo balancing numbers, sequence balancing num-
bers, sequence cobalancing numbers, t-balancing numbers and sequence t-balancing

numbers.

Preliminaries

Triangular numbers

Definition 2.1. (Pappas, 1989) The triangular number T,, is a figurate number that can
be represented in the form of a triangular grid of points where the first row contains a
single element and each subsequent row contains one more element than the previous
one. ForexampleTy, = 1,1, = 3, . ... The triangular numbers are therefore 1,142, 1+

243,1+2+3+4,...,s0forn=1,2,..., thefirst feware 1,3,6,10,15,21,....

Diophantine equation

Definition 2.2. (Sundstrom, 2006) An equation whose solutions are required to be in-

tegers is called a Diophantine equation.

Pell’s equation

Definition 2.3. (Rosen, 1986) Pell’s equation, also called the Pell-Fermat equation, is
any Diophantine equation of the form

2 —ny? =1,

where n is a given positive non square integer, and integer solutions are sought for x

and y.



Additional solutions from the fundamental solution for Pell’s equation

Lemma 2.4. (Rosen, 1986) Let k be a non negative integer. If (x1,11) is the funda-
mental solution of Pells equation, then all remaining solutions can be calculated by

algebraically from

T + Ypv/'n = (z1 + y1v/n)".

Moreover, the remaining solution also can be calculated by recurrence relations

Tp41 = 12Tk + NY1Yk

Ye+1 = T1Yk + Y1 Tk,

where n is a given positive non square integer, and integer solutions are sought for x

and y.

Fibonacci sequence

Definition 2.5. (Vajda, 2008) The first of two Fibonacci numbers are Iy = 1, F, = 1,

and other terms of the sequence are obtained by means of the recurrence relation

Fn—i-l:Fn"'_Fn—l:nZQ-

Lucas sequence

Definition 2.6. (Vajda, 2008) Lucas Sequence is also obtained from the same recurrence
relation as that for Fibonacci numbers. The first two Lucas numbers are Ly = 1, Ly = 3

and other terms of the sequence are obtained by means of the recurrence relation

Ln+1 = Ln + Ln—l: n>2.

Cobalancing numbers

Definition 2.7. (Panda & Ray, 2005) An integer n € 7" is called a cobalancing number
if n is a solution of

14243+ 4n=n+1)+n+2)+---+(n+7r) 2.1



forsomer € . Herer is called the cobalancer corresponding to the balancing number
n. For example, 2,14, 84 are balancing numbers with balancers 1,6, 35, respectively.
Brahmagupta’s identity

Theorem 2.8. (Shenitzer & Stillwell, 2002) For a,b,c,d, N € C,
(a® + Nb*)(c®* + Nd*) = (ac + Nbd)* + N(ad F be)?.
Theorem 2.9. (Dutta, 2003) If the triples (z1,y1, k1) and (x2, ya, ko) are solution of
2 —ny® =k,

then

(2122 + nY1Y2, T1Y2 + Tay1, k1k2) and (2129 — NY1Y2, T1Y2 — Tay1, kiks)

are also solutions of the above equation.

Relevant research

Balancing numbers

First of all, Behera and Panda published an important result on the square roots of tri-
angular numbers and introduced the balancing numbers and many properties of these

numbers.

Definition 2.10. (Behera & Panda, 1999) An integer n € 7" is called a balancing
number if n is a solution of

142434+ +(n—-1)=n+1)+n+2)+---+(n+7r) (2.2)

for some r € Zt. Here r is called the balancer corresponding to the balancing number

n. For example, 6,35, 204 are balancing numbers with balancers 2, 14, 84, respectively.

We can rewrite equation (2.2) to

PRUELIUEIED o)




or

. —(2n+1);\/8n2+1‘ 2.4)

From (2.3) and (2.4), we obtain valuable results for the balancing number n.

Theorem 2.11. (Behera & Panda, 1999) For n € Z,n is a balancing number if and

only if n? is a triangular number.

Theorem 2.12. (Behera & Panda, 1999) For n € Z*,n is a balancing number if and

only if 8n? + 1 is a perfect square.
Furthermore, they also obtained many fascinating properties for balancing numbers.

Lemma 2.13. (Behera & Panda, 1999) If x is an even balancing number, then 3x +
V8x? + 1 is odd balancing number.

Lemma 2.14. (Behera & Panda, 1999) If x is an odd balancing number, then 3x +
V/8x2 + 1 is even balancing number.

Lemma 2.15. (Behera & Panda, 1999) If B,, is the nth balancing number, then
B,i1 =3B,++/8B2+1and B,y =3B, — \/8B2 + 1.

Lemma 2.16. (Behera & Panda, 1999) If B, is the n'" balancing number, then its

recurrence relation is B, .1 = 6B,, — B,,_1 when By = 1 and B, = 6.



Theorem 2.17. (Behera & Panda, 1999) Let B,, be the n'* balancing number. Then

(@) Byt - By = (B, + 1)(B, — 1).

(b) B,, = By, - B,,_1 — Bi_1 - B,,_i_1 for any positive integer k < n.
(c) By, = B> — B2 .

(d) Bayi1 = Bn(BnH — anl)-

Lemma 2.18. (Behera & Panda, 1999) If B, is the n'" balancing number, then its Binet
form is

. )‘Tq - >\3+1
" AL — Ao
where \{ = 34+ /8 and s = 3 — /8.

n=0,1,2, .., (2.5)

Theorem 2.19. (Behera & Panda, 1999) The solutions of the Diophantine equation

22 + (z + 1)? = y? are given by

\/l(\/SBZ Fi-1)—1
, R 2.6)

1
y=5V1+ V8B +1 (2.7)

when B is an odd balancing number.

Chailangka and Pakapongpun (2021) published results about neo balancing numbers
from studying a Diophantine equation in analogy to balancing numbers. Consequently,
many properties of neo balancing numbers and some relationships between neo balanc-

ing numbers and balancing numbers were discovered as follows.

Neo balancing numbers

Definition 2.20. (Chailangka & Pakapongpun, 2021) A positive integer n is called a
neo balancing number if n is a solution of the Diophantine equation

14243+ +(n—1)=Mn—-1)+n+0)+(n+1)+n+2)+---+(n+r) (2.8)

for some integer r > —1, which is called a neo balancer corresponding to the neo

balancing number n.



For example, 2, 7, 36 and 205 are neo balancing numbers with neo balancers -1, 1, 13

and 83, respectively. We can rewrite (2.8) into

n+r)n+r+1)
2

(-1 = | 29)

or

T:—(2n+1)+ 28(n—1)2+1' (2.10)

From (2.9), we obtain that n is a neo balancing number if and only if (n — 1)? is a
triangular number. Also, by the given (2.10), we have n is a neo balancing number
if and only if 8(n — 1)? + 1 is a perfect square. Additionally, the n*" neo balancing

number is denoted by P,, which satisfies a recurrence relation P, = 3(P,_; — 1) +

1+ /8(P,_1 — 1)2 + 1. The n'" neo balancer is denoted by E,, and the n'" Lucas-neo

balancing number is defined by Q,, := \/ 8(P, — 1)2 + 1. Set initial values P, = 2 and

P, = 7 and so on.

Theorem 2.21. (Chailangka & Pakapongpun, 2021) For any neo balancing number x,
plx) =3(x—1)+1++/8(x—1)>+1and (popo---op)(x)are also neo balancing

numbers.

Theorem 2.22. (Chailangka & Pakapongpun, 2021) If x is a neo balancing number,

then the next neo balancing number is
p)=3x—-1)+1++/8(x—1)2+1 (2.11)
and consequently, the previous one is

pHr)=3@x—-1)+1—+/8(x—1)2+1. (2.12)

Theorem 2.23. (Chailangka & Pakapongpun, 2021) Let B,, be the n'"* balancing num-
ber, P, the n'" neo balancing number, P, = P, — 1 and 1 < k < n for any positive

integers n and k. Then we have the following relations.

(@ Py Py = (P, +5)(P,—1).
() PPy +9= (P, +2)°

(¢) P, =BiP,  — By_1Py -1 + L
(dP,=DB,_,+1



(e P,-B,=P,P,.1 — P,.

() Po="Poi1 P — Py Pooj1 + 1.
(8 Pont1 = Pn+12 - Fn2 + L

(h) Py, = P,(Pyi1 — Py_y) + 1.

Theorem 2.24. (Chailangka & Pakapongpun, 2021) If P, is the n'" neo balancing

number, then its Binet form is

A=A

P, =
AL — Ao

+1:n=0,1,2,3,...

where \{ = 3+ /8and Ay =3 — /8.

Theorem 2.25. (Chailangka & Pakapongpun, 2021) If a and b are natural numbers and

a > b, then

Theorem 2.26. (Chailangka & Pakapongpun, 2021) If a and b are natural numbers and
a # b, then

Theorem 2.27. (Chailangka & Pakapongpun, 2021) If a and b are natural numbers and
a # b, then

Pt Py =3 | Em OF, (—Pij S (VB (B

r=0

for some integers s,t > 0.

Theorem 2.28. (Chailangka & Pakapongpun, 2021) If n is a natural number, then
@PL+ P+ P+ + Py =D,
(b)) Po+ Py+ Ps+ -+ Poy = Py Py

(c) P, + Py + Ps+ -+ Py, = P,(P, + Pu1).
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Theorem 2.29. (Chailangka & Pakapongpun, 2021) If n and r are natural numbers,

then

(Qn+ V8Pn>r = Qnr+ V8P

Corollary 2.30. (Chailangka & Pakapongpun, 2021) If n and r are natural numbers,

then
(Qn_ V8Pn)r:Qm"_ \/8Pn .

Theorem 2.31. (Chailangka & Pakapongpun, 2021) If m and n are natural numbers,

then

Corollary 2.32. (Chailangka & Pakapongpun, 2021) If m and n are natural numbers,

then
8 R0 g P B
Corollary 2.33. (Chailangka & Pakapongpun, 2021) If m is a natural number, then
Py, = 2P.Qm.
Lemma 2.34. (Chailangka & Pakapongpun, 2021) If n is a natural number, then
(P, Qn) = 1.
Lemma 2.35. (Chailangka & Pakapongpun, 2021) If n and k are natural numbers, then

Py, divides P,.

Lemma 2.36. (Chailangka & Pakapongpun, 2021) If n and k are natural numbers, then

Lemma 2.37. (Chailangka & Pakapongpun, 2021) If n and k are natural numbers and
Py divides P, then k divides n.
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Theorem 2.38. (Chailangka & Pakapongpun, 2021) If m and n are natural numbers,

then

P, divides P, if and only if m divides n.

Theorem 2.39. (Chailangka & Pakapongpun, 2021) If m and n are natural numbers,

then

(P_m; F'rL) = P(m,n)-

Furthermore, Panda introduced sequence balancing and cobalancing numbers which
generalizes the concept of balancing and cobalancing numbers to an arbitary sequence.

Then, many interesting properties of theses numbers were provided.

Sequence balancing and cobalancing numbers

Throughout this section B, is the n'" balancing number, R, is the n'" balancer, b,, is the

nt" cobalancing number and 7, is the n'" cobalancer, where n € Z.
Definition 2.40. (Panda, 2007) Let {a,,}52 , be a sequence of real numbers. A number
a, of this sequence is called a sequence balancing number if

a1+a2+"'+am—1:am+1+am+2+"'+am+r

for some natural number r. Similarly, a number a,, of this sequence is called a sequence

cobalancing number if
ap+az + -+ p = Apg1 + g2 + 00 Qg

for some natural number r.

Theorem 2.41. (Panda, 2007) Let B,, be the n'"* balancing number, b,, be the n'" cobal-
ancing number and r,, be the n'" cobalancer. The sequence of sequence balancing num-

bers in the sequence of odd natural numbers is given by { B,1 + B} 1, i.e.,

2bp41 +2rp1+1=DB,1+ By forn=1,23,...
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Theorem 2.42. (Panda, 2007) Let x,, be the n'" sequence balancing number in the se-
quence of odd natural numbers. The sequence {x,,}5° | satisfies the recurrence relation

Tpi1 = 6, — 2,1 forn > 2.

Theorem 2.43. (Panda, 2007) There does not exist any sequence cobalancing numbers

in the sequence of odd natural numbers.

Theorem 2.44. (Panda, 2007) If z, denotes the n'" sequence balancing number of the
sequence a, = n + 1, then 29, 1 = B,y1 — 4B, and z5, = B,.1 — 2B, forn =

1,2,3,....

Theorem 2.45. (Panda, 2007) There does not exist any sequence balancing number in

the Fibonacci sequence.

Theorem 2.46. (Panda, 2007) The only sequence cobalancing number in the Fibonacci

sequence is 5 = 1.

Theorem 2.47. (Panda, 2007) There does not exist any balancing cube or cobalancing

cube.

Lastly, Dash and Ota introduced t-balancing numbers whereby adding variable ¢ to
the Diophantine equation of balancing numbers. Then balancing numbers were gener-

ated in an innovative way and the results on t-balancing numbers were established.
t-Balancing numbers
Definition 2.48. (Dash and Ota, 2012) Let t be a natural number. A positive integer n
is called a t-balancing number if
14243+ +n=n+1+)+n+2+t)+ -+ (n+r+1)
for some positive integer r, called the t-balancer. We denote the n'" t-balancer corre-
sponding to the n' t-balancing number B! by R!.

Theorem 2.49. (Dash and Ota, 2012) Forn € N, nis a t-balancing number if \/8r? + 8rt + 1

is a perfect square.
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Theorem 2.50. (Dash and Ota, 2012) If n is natural number, then B! = 6B._, —

B, +2(t+1),t > 2 is the generalized recurrence relation of t-balancing number:

Theorem 2.51. (Dash and Ota, 2012) If x is a t-balancing number, then f(x) = 3z +

(t+1) + /822 + 8x(1 + t) + (2t + 1)2 is also a t-balancing number:

Theorem 2.52. (Dash and Ota, 2012) If x is the n'" t-balancing number, then the (n +

2)" t-balancing number is

f(x) =3z + (t + 1) + /822 + 8z(1 + t) + (2t + 1)2,

and consequently, the (n — 2)'" t-balancing number is

flz) =3z — (t+1)+ /822 + 8x(1+1t) + (2t + 1)2.
Theorem 2.53. (Dash and Ota, 2012) For n,t € N such that n > 3,
[Bf, — (t+ 1) — B 1, B,_, = (2t + 1)

Theorem 2.54. (Dash and Ota, 2012) The Lucas t-balancing number c,, satisfy the
relation ¢, = 6c, — cl,_,, where ¢!, = Aa™ + BB, with a = /3 +2v/2 and

B=V3+2V2

Theorem 2.55. (Dash and Ota, 2012) The recurrence relation for t-balancer is,

Rl ., =6R) — R ,+2t

Literature Reviews

Panda and Ray (2005) defined and introduced cobalancing numbers and cobal-
ancers. The properties of cobalancing numbers were investigated and a link between the
Pythagorean triplets and the cobalancing numbers was also discovered.

Panda (2006) generalized the concept of balancing and cobalancing numbers

to an arbitrary sequence. Then sequence balancing numbers and sequence cobalancing
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numbers are defined and demonstrated. In addition, the properties are proven that there
does not exist any sequence balancing number in the Fibonacci sequence and the only
sequence cobalancing number in the Fibonacci sequence is F, = 1. Moreover, higher
order balancing and cobalancing numbers also are introduced and it is proven that there
do not exist any balancing cube or cobalancing cube. Lastly, there is a conjecture on the
nonexistence of balancing and cobalancing numbers of order k for & > 2.

Liptai, Luca, Pintér and Szalay (2009) studied balancing numbers in an inno-
vative way. A (k,[)-balancing number was defined and investigated. Some effective
and ineffective finiteness statements for the balancing numbers were proved via certain
Baker-type Diophantine results and Bilu-Tichy theorem, respectively.

Panda and Ray (2011) discovered links of balancing and cobalancing numbers
with Pell and associated Pell numbers. The n'" balancing number was proved to be the
product of the n'" Pell number and the n'" associated Pell number. At the same time,
the sequences of balancing and cobalancing numbers were investigated together with the
relationship among Pell sequence, sequence of Lucas-balancing and Lucas-cobalancing
numbers constituted associated Pell sequence.

Ray (2012) obtained the factorization of balancing and Lucas-balancing num-
bers using orthogonal polynomials, especially Chybeshev polynomials of first and sec-
ond kind, with knowledge of number theory and linear algebra.

Rayaguru, Davala and Panda (2020) investigated balancing numbers in a new
way. They studied even-odd balancing number n, which satisfy the Diophantine equa-

tion

244+ +2n—-2)=2n+ 1)+ 2n+3)+---+(2n+2r —1)

and call r the even-odd balancer r corresponding to the even-odd balancing number
n. Then many fascinating relations with the sequence of Pell, associated Pell, balancing
and cobalancing numbers also were investigated. Furthermore, some ratio formulas and
identities were examined.

Chinram, Petchkaew and Hangsawat (2022) defined and introduced the con-
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cept of 2-distance balancing numbers by studying Diophantine equation

14243+ +(n—=2)=n+2)+(n+3)+---+(n+r).

The properties of recurrence relation for 2-distance balancing number were studied and
the generating function and Binet formula were also discovered.

Bartz, Dearden and liams (2022) generalized the concept of polygonal bal-
ancing numbers and studied s-agonal balancing numbers, where companion equation is
Pell-like. Then the remarkable result concerning the jump size j(¢) was contributed.

Bartz, Dearden, liams and Metzger (2022) presented a variation called ratio
balancing numbers which generalizes the sums considered and concerns an integral ra-
tio condition. Often ratio balancing numbers possess the familiar properties of balancing
numbers. However, a distinct part of ratio balancing numbers is that they exist in finite
numbers for specific choices of parameters. Computational evidence directs us to con-
jecture that for any integer d, there are choices of parameters that yield finitely many,
but at least d, ratio balancing numbers.

Hulku and Deveci (2023) introduced the Tribonacci-type balancing numbers

using Diophantine equation

G2 B gl = gl A2 L etk

with i = /—1. Then the miscellaneous properties were given. The Tribonacci-type
balancing sequence modulo m are also investigated and they obtain some important
results involving the periods of the Tribonacci-type balancing sequences for any m.
Furthermore, the multiplicative orders of the generating matrices of the Tribonacci-type

balancing numbers were used to construct cyclic groups.



CHAPTER 3
RESEARCH METHODOLOGY

In this thesis we do the following process.

. We study behavior equations of balancing numbers, t-balancing numbers,

neo balancing numbers and others.

. We make conjectures about t-neo balancing numbers based on known results about
neo balancing numbers.

. We prove our conjectures and make a conclusion.

16



CHAPTER 4
RESULTS

4.1 Linear sequence on sequence neo balancing numbers

4.1.1 Sequence neo balancing numbers

Let {a,, }>°_, be a sequence of real numbers. In this section, we introduce neo balancing
numbers in the sequence {a,, }7°_;. In 2021, the neo balancing numbers and their as-
sociated properties were investigated. This dissertation re-examines the topic from the

perspective of sequences.

Definition 4.1. Let {a,,}°_, be a sequence of real numbers. A number a,, is called a
sequence neo balancing number if there exists an integer r > —1 such that

ar+az+a3+ -+ an1 = AGno1 + O+ CGpg1 + 0+ G (4.1)

4.1.2 Linear sequence neo balancing numbers

In this section, we will delve into the linear sequence {a,,}5°_; = {2m+ k}°°_, for neo

balancing numbers.

Definition 4.2. The linear sequence neo balancing numbers

Fork € Z, consider a sequence {a, }5°_; = {2m+k}>5_,. A number a,, = 2m+k
is called a linear sequence neo balancing number if a,, is a solution to the Diophantine
equation

a1 t+az+tag+ -+ ap_1=ap_1+ Ay + CGpi1 + 0 F Qg 4.2)

for some integer .
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Example 4.3. If k = —1, then we have a,, = 2m — 1. We obtain the following results.

This gives m = 2, r = —1, and a,, = 3.

a1+as+as+as=1+34+5+7=16=7+9=a4+ as

This gives m =5, r =0, and a,, = 9.

ap +ag+ag+---+ a0 = Qi + G121 + G122 + - -+ + A1y
I 3 52390 1230 24005 243 S 44337

14400 = 14400

This gives m = 22, r = 7, and a,,, = 43.
Therefore, 3,9, and 43 are linear sequence neo balancing number.

Table 1. Examples of linear sequence neo balancing numbers

n 1 12] 3 4 5 6

m 2 |5 (22]121 | 698 | 4061

r —1|0 ] 7 | 48 | 287 | 1680
am=2m—11] 3 |9 |43 | 241 | 1396 | 8121

Theorem 4.4. Let k be an integer. There exists a positive integer m, such that a number
A = 2m -+ k is a linear sequence neo balancing number if and only if 8r* + 24r + k* +
2k + 17 is a perfect square for some integer r. In fact

2r4+5—k+ V824 24r + k2 + 2k + 17
— 5 -

m (4.3)
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Proof. From equation (4.2), we substitute a,,, = 2m + k and obtain

2+k)+A+k)+---+Cm—24+k)=C2m—-2+k)+2m+k)+--+(2m+2r+k).
(4.4)

Im =2r+5—k+ V82 + 24r + k2 + 2k + 17.
4.5)

Since m is an index which is a positive integer, the term 872 + 24r + k% + 2k + 17 needs

to be perfect a square. O

Then we need to discuss some result before stating the next theorem.

Lety = /82 + 24r + k2 + 2k + 17. If x = 4r + 6, then

z? — 2% = -2k — 4k + 2 (4.6)

=4-2(k+ 1) 4.7)

It is clear that (2, |k + 1|) is a solution of
22— 22 =4—-2(k+1)>2 (4.8)

We then use the well-known Pell’s equation and the noteworthy Brahmagupta’s identity.
The Pell’s equation
2 — 2% =1, (4.9)

with a fundamental solution (3, 2) is an important equation for this section. The Pell’s
equation (4.9) has been investigated for many years, and it is easy to find the other

solutions (Rosen, 1986) by relations

Ty = %[(3 +2V2)" + (3 — 2v2)"] (4.10)
Un = %[(3 +2V2)" — (3 —2V2)"). (4.11)

Therefore, (2, |k + 1) is a solution to the equation (4.8) and (Z,,, ¥,,) is a solution to the

equation (4.9).
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Table 2. Application of Brahmagupta’s identity to linear sequence neo balancing num-

bers a,, = 2m + k

T | Y k; T172 + 20112 T1Ys + Toyi Ky ko
j=11z, Un 1 2%, + 2|k + Uy | |k + 1|ZTp + 200 | 4 —2(k +1)?
j=212 ||k+1] | 4-2(k+1)

Then we apply the Brahmagupta’s identity and obtain the triples

(%132 + nY1Y2, T1Y2 + T2y1, /ﬁ/@) and ($1$2 — NY1Y2, T1Y2 — T2Y1, k1k2)-

Therefore, we combine equation (4.8) and equation (4.9) and their solutions. We obtain

the combined equation as

2 —2y° = [4 = 2(k + 1)%)(1) =4 — 2(k + 1%,

(4.12)

which is analogous to equation (4.8). Additionally, we obtain the combined solution as

relations

and

Xy =2, + 2|k + 1|7n

Y, = |k + 1|z, + 27,

X} =2, — 2|k + 1|7,

Y = |k + 1|20 — 20n.

(4.13)

(4.14)

(4.15)

(4.16)

Therefore, (X,,Y,) and (X}, Y*) are solutions to equation (4.8). We now consider

n» - n

recurrence relation for linear sequence neo balancing numbers.
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Let A =3+ 2v/2and B = 3 — 2¢/2. Thus, we have

A"+ B"

2%
= A-AV'4B.B"!
= (3+2v2)A" ! + (3-2v2)B"!
= 34" 42241 4 3B — 2¢/2B" !
= 3(AP L+ B ov2(A™ = B )

Similarly, we have

2%, 9 = A" 24 B2

Anfl anl
- 4 "B
Anfl anl
= +
(3+2v2)  (3—2v2)

= (3-2v2)A™" + (3+2v2)B™!
3 3An—1 o 2\/§An—1 + 3Bn—1 + 2\/§Bn—1
- S(Anfl + anl) il 2\/5(14”71 A anl).

Then we obtain

2%, + 2&p s = 6(A"TL+ B™H)

= 6(2.@71_1).
Hence we find that z,, obeys the recurrence
.f‘n - 6Lfn,1 - anfz. (417)
Similarly, 7,, obeys the recurrence
Un = 6Yn—1 — Yn—2. (4.18)

We will use the proven recurrence relation of z,, and ¥, to find recurrence relations for

Xn, Yo, Xrand Y.
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Since X,, = 2%, + 2|k + 1|y,, by equation (4.17) and equation (4.18), we have

X, = 2%, +2|k+ 1|y,

= 2(6%, 1 — Tn_a) + 2|k + 1|(6Fn_1 — Tn_2)
= 6(2%Zp-1) — 2Tp—o + 62|k + 1Yn—1) — 2|k + 1|Fpn_2
= 6(2%Zp—1 + 2|k + 1|Jn-1) — (2Zp—2 + 2|k + 1|¥n—2)

= 6Xp1 — Xpoo.

Similarly, we obtain Y,, = 6Y,,_1 — Y,,_5. Although X,,,Y,, and X Y * differ slightly,
we can find the recurrence relations for X, Y * using similar algebraic methods as with

X, Y,. Therefore, we find that both pairs of sequences of X,,,Y,, and X, Y * satisfy

Xn = 6Xn,1 — anZ (419)

Y, = 6Y, 1 — Y,_s. (4.20)

By substituting equation (4.10), and equation (4.11) to equation (4.13), equation (4.14),
equation (4.15), and equation (4.16), we get

2X, = (3+2v2)" (2 + |k +1|v2) + (3 — 2v2)"(2 — |k + 1|V2)
2V2Y, = (3+2V2)"(2 + |k + 1|[V2) — (3 = 2V2)*(2 — |k + 1|V2)

and

2X; = (3+2V2)"(k+11vV2-2) — (3—-2v2)"([k + 1|vV2+2)
W2V = (3+2V2)"([k +1[V2 — 2) + (3 — 2v2)"(|k + 1|V2 + 2).

Since the sequences X,,, Y,, and X', Y * sometimes make sets of solutions of the equation
(4.8) for given integer k. Then we have to consider this behavior by X,, = | X, | and

Y, = |Y;, .| for someindex ng. Let A =3+2v2, B=3-2V2,2 =2+ |k + 1|2
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and Z = 2 — |k + 1|+/2. Thus, we obtain

2X,, = A"z+B"z
2X) ., = —AVTz— Bz

1 J— *
SinceX,, = | X, |, we have

(A"z + B"2)? = (2X,,)? = (2X;

rmg) = (AM0z + B T02)2,
Since A"z + B"z and A"T"0z 4+ B"T"0 7 are real numbers,

(A"z + B"z) — (A""0z + B"T"02) = () (4.21)
or

(A™z + B"Z) + (A™"0z 4+ B0, = 0, (4.22)

Since A = 3 + 2v/2 and B = 3 — 2v/2, it is clear that AB = 1. Then we will consider

equation (4.21);
(A"z 4+ B"z) — (A""0z + B"1"2) = 0
z(A™ — B™0) — Z(A™™ — B™") =0
zB™ (AT — B™) — z(A™" — B") =0
(2B™ — z)(A"™ — B™) = 0.

Lemma 4.5. Let A = 3+ 2v/2 and B = 3 — 2\/2. For any non negative integers n, n,
andn = 0 = ny,

Arno o o,
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Proof. Let n, ny be non negative integers with n = 0 = ng. Suppose A"T" = B"0,

Then

Substituting n = 0, we have
(3+2V2)™ = A™ = B™ = (3 — 2v/2)™,

implying no = 0. This is a contradiction. O
By Lemma (4.5), we have

zB™ —z=0
2+ |k +1vV2)(3 —2v2)™ — (2 — |k +1]v/2) =0,

but (3—2+/2)™ can be calculated algebraically form Z,,, — 7,,v/2 = (3 —2v/2)" where
Iozl,ygzo,ﬂll :3,y1 = 2. Then

2+ |k + 1V2)(Zno — TnyV2) — (2= [k +1[v2) =0
2ny — 20ng V2 + Tnolk + 1|V/2 — 20|k + 1| = 2+ |k + 1[V2 =0

Hence,
Unolk + 1] = Zpy + 1 =0and |k + 1| 4+ Zpo |k + 1| — 270, = 0,
implying
k41| = f";—nzland|k+1| _ %

Here, we obtain 2 cases from equation (4.21) already. At this stage, we turn our attention



to equation (4.22);

(A”z—i—B” ) (An+noz+Bn+noZ

Z(An Bn—i—no) + Z<An+no _'_ Bn

ZBnO (An+n0 + Bn) + Z<An+no _'_ Bn

)
)
)
(2B™ + z)(A™™ — B™)
By Lemma (4.5), we have
zB™ +z =0.
By substituting algebraically form z,,, — ,,v/2 = (3 — 2v/2)™, we have

C+E+1vV2)([B-2v2)™ +(2— [k +1]vV2) =0
2+ [k + 1[V2)(Zno — FnoV2) + (2 = [k + 1[v2) = 0
2Ty — 20ng V2 + Znglk + 112 — 2o [k + 1]+ 2 — [k +1]v/2=0

V2T, |k + 1| — [k + 1| — 20ny) + 2(@ny — Tno|k + 1| + 1) = 0.

Hence,
Tng — Unolk + 1|+ 1 =0and z,,, |k + 1| — |k + 1| — 2g,, = 0,
implying
ny 2 n
k+1| = mand|k:+1| yo
yn() - ]-
Ultimately, we obtain all 4 cases as follows.
. T, 1
G) |k+1] =2
Yno
.. 2y
k+1] = —2
(i) [f+1] = =
s 41
GGii) [k + 1) = T2
Yno
2Un,
(v) [k + 1] = ——mo

Tpy — 1
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Theorem 4.6. Let A = {—3,—2,—1,0,1} and let k € A. For each m € Z, let
am = 2m + k and let a,,,, denote the n'"* linear sequence neo balancing number. Then
G, Satisfies

am

=06am, , — Qm, , —8 (4.23)

n

and the recurrence relation for the linear sequence neo balancing number s index is

my, = 6m,_1 — my_g + 2k — 4, (4.24)

where n > 3.

Proof. Consider the given four cases above. If we do not shift any index, then ny = 0,

S0 Tp, = 1, and Z,, = 0. There is only case (i¢) possible such that
|k + 1] = 0.

Hence, £ = —1. Therefore, X,, = |X*| and Y,, = |Y;f|; in this case, both sequences
share the same solution set of equation (4.8) when a,,, = 2m — 1. Subsequently, if we

shift an index 1 step for X,, = | X/, |, thenny = 1, so z,,, = 3, and y,,, = 2. Hence,

+no
we obtain that

k+1 =1

by case (i) and case (i7). Similarly, we get
k+1| =2

by case 3 and case 4. Then we have £ = 0, —2,—3 and 1, respectively. Therefore,
X, = | X}, |- In other words, X,, and X | have same set of solution of equation (4.8)
when a,, = 2m, a,, = 2m—2, a,, = 2m—3 and a,, = 2m+1. That is, although the so-
lutions to equation (4.8) used to generate the linear sequence neo balancing numbers are
derived from both (X,,,Y,) and (X, Y*), the above proof demonstrates that (X,,,Y},)

and (X, V") share the same solution set. Consequently, the recurrence relation for the

n’ - n

linear sequence of neo balancing numbers can be expressed as the following.

Since 2m = 2r+5—k-+/8r2 + 24r + k2 + 2k + 17,y = V/8r2 + 24r + k2 + 2k + 17
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x—06
and r = — Ve get

2m, = 2r +5—k+ V82 + 24r + k2 + 2k + 17

X —
an:2< ”4 6)+5—k+Yn

dm, = X, +2Y, — 2k + 4.

Since X, and Y,, obey the recurrence relations (4.19) and (4.20), we have

dm, = X, +2Y, — 2k +4
—~ (6Xn_1 — Xn_g) —f- 2(6Yn_1 - Yn_g) - 2]{3 —|— 4
=6(Xp-1+2Y,1 —2k+4) — (Xp—2+2Y, 2o —2k+4)+8k— 16

= 6(4mn,1) — 4mn,2 = 8k — 16.

Accordingly, we get the recurrence relation for linear sequence neo balancing number’s
index

My, = 6My_1 — My_o + 2k — 4.

Therefore, we have

G & Ly
= 2(6777/”,1 — My_2 + 2k — 4) + k
=6(2m,_1+k)— (2m,_2+k)—8

= 6am, , — Qm, , — 8.

O

Theorem 4.7. Let A = {—3,—2,—1,0,1}. For any integer k € A€, the recurrence
relations for the linear sequence neo balancing numbers in {a,,} = {2m + k} are

Amop_1 = 6am2n—3 = Omg,_5 — 8 (4'25)

and

Amy, = 6am2n72 — Qmgy,_y — 8, (4.26)
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where n > 3. Moreover, the recurrence relations for the linear sequence neo balancing
number s index are

Map—1 = 6May_3 — Map_5 + 2k — 4 (4.27)

and

Map = 6Map_o — Maop—y + 2k — 4, (4.28)

respectively, where n > 3.

Proof. Since (z,,y,) satisfies the recurrence relation

Tp41 = 3Tk + 4Tk

Yk+1 = 2Tk + Uk,

we rewrite the 4 given cases.
(@)

T, — 1
[
no
_ 3'fn()—1 + 4@710—1 o 1
Qi'no—l A 3%0—1
jno—l + gn()—l - 1
21_;710—1 + 3gn0—1 .

=1+

(i)

2@?’10
Tng + 1
2(2'7_3710—1 + Sgno—l)
3Tng—1 + 4Yng1 + 1
 AZny—1 + 6Ung 1
B 353710—1 + 4Zjno—l +1
Tpg—1+ 2Yny—1 — 1
3Tpg—1 + 4Ung_1 + 1

|k +1| =




(iii)

,n 1
k+1| = Tng +1
ng
_ 3Tpe—1 + 4§n0_1 +1
2'%710—1 SF 3?]710—1
inofl - anofl =t 1

an0,1 A 33]71071

=1+

(iv)

|k +1] = _zﬂ

iy,

_ 2(2Zpg-1 - BYng-1)

N 3373710—1 v 4gno—1 —1

_ AZpy_1 + 6Fny—1
 3Tpy1 + 4fny1 — 1
T ) -1 2@n0_1 +1
3J_"nofl + 4gn071 — 1'

=1+

Ultimately, We have 4 rewritten cases:

:i"no—]. + g’no—l = 1

) k+1=1+— -
() | | 2$n0—1+3yn0—1

jno—l ol ano—l =

3]}”0_1 = 4@110—1 -+ 1

(i) k+1] =1+

jnofl o gnofl + 1
252‘71071 i 3gnofl
Tpy—1 + 20ne—1+1

ano—l i 4.@710—1 - 1

(ifi) |k +1] =1+

(v) |k+1]=1+
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Obviously, |k + 1| of the 4 above cases are not integer for ny > 1. Therefore, (X,,, Y,,)

does not share the same solution set to equation (4.8) where ny > 1. Similarly, we

can obtain the property as the above for Y;, = |Y,*,, |. Then we will obtain 2 sets of

solutions to equation (4.8) which are generated by (X,,,Y,,) and (X, Y*). Therefore,

we need to construct 2 recurrence relations for the line sequence neo balancing number

{a} via (X,,,Y,) and (X, Y ") separately. Hence, we get the recurrence relation for

linear sequence neo balancing number’s index

Map—1 = 6Map_3 — Maoy_5 + 2k — 4
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and

Moy, = 6Maop_o — Moy + 2k — 4.

Since a,,, = 2m + k, we get results on the generalized recurrence relation for the linear

sequence neo balancing number as

Amop_1 = 6am2n—3 = Omg,_5 — 8

and

amZn = 6a’m2n72 — a’m2n74 - 8

Examples of linear sequence neo balancing number will be provided in 4.1.3.

Theorem 4.8. Let f : Z — 7 be a function defined by f(k) = 4 — 2(k + 1)%. For
ki,ky € Z and ky # ks, if f(k1) = f(kz), then the sequences {a,,} = {2m + ki} and

{am} = {2m + ka} have the same set of linear sequence neo balancing numbers.
Proof. Let D = 2—(2k*+4k) and assume f(k;) = f(kz). Thenwe have D = f(k;) =
f(k2). By equation (4.8), we have

2 -2y = D = f(k) = (ko).

Therefore, k, and &y make the equation (4.8) are same. As a result, we have the same
linear sequence neo balancing number by k; and ks if f (k) = f(ko). O
4.1.3 Linear sequence neo balancing numbers in some sequences

In this section, we will demonstrate linear sequence neo balancing numbers in some

sequences.

Example 4.9. Linear sequence neo balancing numbers in sequence a,, = 2m — 1

By Theorem 4.6, with k = —1, the recurrence relations for the linear sequence neo
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balancing numbers a,, is

with

m, = 6m,_1 — M,_s — 6.

Table 3. Linear sequence neo balancing numbers in sequence a,,, = 2m — 1

n 11 2 3 4 5 6
m 51221121 | 698 | 4061 | 23662
r 0| 7 | 48 | 287 | 1680 | 9799
am =2m—1 |9 | 43 | 241 | 1395 | 8121 | 47323
Note that: If we substitute k& = —1, is the only solution to f(k) = 4, where f(k) =
4 —2(k+1)%

Example 4.10. Linear sequence neo balancing numbers in the sequences {a,,} =
{2m — 2} and {a,,} = {2m}
By Theorem 4.8, we can choose k = —2 or k = 0. Let k = 0. By Theorem 4.6, the

recurrence relations for the linear sequence neo balancing number a,, = 2m are

A, = 68, | — Q. ,|—8

n

and

My = 6m,_1 — My_o — 4.
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Table 4. Linear sequence neo balancing numbers in sequences a,, = 2m — 2 and
Ay = 2M
m r | a,=2m m r | a,=2m-—2

n=1 1 -1 2 n=1| 2 -1 2

n=2 2 = 4 M= 3 -1 4

n=3| 7 1 14 n = 8 1 14

n=4| 36 | 13 72 n = 37 | 13 72

n=>5]| 205 | 83 410 n=>5| 206 | 83 410

n==6 | 1190 | 491 2380 n = 1191 | 491 2380

Remark. We can rewrite the equation of neo balancing number n

1+2+3+---+(n—-1)=n-1)+n+0)+(n+1)+(n+2)+ -+ (n+r)

to

2r + 5+ /8r2 + 24r + 17
n = p
2

Since k = 0, we obtain the equation (4.3) as

5 —k+ V824 2r + k2 +2k+17  2r + 54+ 82+ 24r +17
= 5 = 3 =

m

n.

Then we have

Ay = 2Mm = 2n.

Similarly, if £ = —2, then we obtain

2r + 7+ /82 +24r + 17
m = .
2

Then we have

m =2m —2=2r + T+ V82 +24r + 17 —2=2r + 5+ V82 + 24r + 17 = 2n.
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Therefore, the sequences {a,,} = {2m} and {a,,} = {2m — 2} on linear sequence neo

balancing numbers are twice of neo balancing numbers.

Example 4.11. Linear sequence neo balancing numbers in sequences a,, = 2m + 1
and a,, = 2m — 3

By Theorem 4.8, we can choose k = 1 or k = —3. Then we choose k = 1. By
Theorem 4.6, the recurrence relations for the linear sequence neo balancing number
am = 2m + 1 are

Gy — OQy,, | N, s =03

n

and

my, = 6M,_1 — Mpy_o — 2.

Table 5. Linear sequence neo balancing numbers in sequence a,, = 2m + 1 and a,,, =

2m — 3

m r m =2m + 1 m | o, — 2B
n=1 2 - 5 n=1 2 =i 1
n=2| 9 2 19 I -1 5
L — Sl 19 101 = gV 14 2 19
n=4| 289 | 118 579 T, = 19 101
n=2>5|1682 | 695 3365 n=>5| 291 | 118 579
n==6 | 9801 | 4058 19603 n==6 | 1684 | 695 3365

Example 4.12. Linear sequence neo balancing numbers in sequences a,, = 2m + 3
and a,, = 2m — 5

By Theorem 4.8, we can choose k = 3 or k = —b5. We choose k = 3. By Theorem
4.7, the recurrence relations for the linear sequence neo balancing number a.,, = 2m+3

are

Amop_1 = 6am2n—3 = Qmg,_5 — 8

with

Maop—1 = 6Map_3 — Mop_5 + 2



and

Amy, = 6am2n—2 — Omoy_y — 8

with

Moy = 6Moy—g — Mop_g + 2

where n > 3.

Table 6. Linear sequence neo balancing numbers in sequence a,, = 2m + 3 and a,,, =

2m —5
m r | a,=2m+3 m/| r |a,=2m—>5
n=1| 2 | -1 7 n=1(2 | -1 -1
n=2| 6 1 15 n=2|2]1 -1
n=3| 13 | 4 2€ n=3| 6 | -1 7
n=41| 37 | 14 7 n=410] 1 15
n=95| 78 | 31 159 n=>5|17| 4 29
n==6|218 | 89 439 n=6]41| 14 7

4.2 t-Neo balancing numbers

4.2.1 t-Neo balancing numbers

In this section, we introduce the concept of t-neo balancing numbers and investigate

some of their properties.

Definition 4.13. #-Neo balancing numbers
Let n and t be any positive integers. Then n is called a t-neo balancing number if n

satisfies the Diophantine equation

142434+ (n—=1) = (n+t—=1)+(n+t+0)+(n+t+1)+- -+ (n+t+r), (4.29)

for some integer r. Then r is called a t-neo balancer which corresponding to t-neo

balancing number n.

As an illustration of t-neo balancing number, we will demonstrate for few values of

t as the following.
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e 2,7,36,205 and 1190 are the first five 0-neo balancing numbers with first five
0-neo balancers —1, 1, 13, 83 and 491.

e 3.15,85,493 and 2871 are the first five 1-neo balancing numbers with first five
I-neo balancers —1, 4, 33,202, 1187 and 16731.

e 6, 35,204, 1189 and 6930 are the first five 2-neo balancing numbers with first five
2-neo balancers 0, 12, 82,490 and 2868.
Clearly, the 0-neo balancing numbers are neo balancing numbers and 2-neo balancing

numbers are balancing numbers.

Theorem 4.14. Let n and t be any positive integers. If 8n® + 8n(t — 2) + (2t — 3)? is

a perfect square, then n is a t-neo balancing number with a t-neo balancer

(2n 4 2t + 1) &+ 1/8n2 + 8n(t — 2) + (2t — 3)2
5 :

T

Proof. We rewrite equation (4.29) as

N R B LPR 7 (4.30)

Hence the theorem follows immediately. O

Consider equation (4.29), we have

(2r 4+ 5) & /82 + 24r + 8(r + 2)t + 17
: :

(4.31)
Subsequently, we will obtain the recurrence relation for t-neo balancing numbers.

Theorem 4.15. Let n and t be any positive integers. If P! is the n'" t-

neo balancing
number, then the recurrence relation for P! is

Pl=6P! ,— P ,+2(t—2)

forn>3andt > 3.

Proof. Since P! is a t-neo balancing number, /872 + 24r + 8(r + 2)t + 17 is an inte-

ger. Then we can choose positive integer y = +/8r2 + 24r + 8(r + 2)¢ + 17. There-
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fore, we have

y* = 8r? + 24r + 8(r + 2)t + 17

202r +t+3)? — ¢y =2(t —1)* — 1.

We substitute = 2r + t + 3. Then we obtain the related Pell’s equaiton
2o\ =2 S = (4.32)

Clearly, » = t—1and y = 1 is the a solution to equation (4.32). Consider Pell’s equation

Y — 2z° = 1. (4.33)

Note that (z,y) = (2,3) is the fundamental solution to equation (4.33). Additionally,

the algebraic forms for the other solutions (z,,, y,,) are

Yo + T V2 = (34 2V2)"
Yo — ToV2 = (3 — 2V2)"

Then we obtain

1 n n
Ty = 2—\/5((3+2¢§) —(3-2v2)")

i =5((3+2V2)" + (3 - 2V2)").
By Brahmagupta’s identity, we know that
(=20t = ") (¥ — 22) = (Yo £ 2(t — D)” — 220 £ (t — )™,
Since y? — 222 = 1, we have
20t —1)2 =1 =2((t — Dy, £2,)* — (2(t — D, £y,)%

Then we obtain 2 solutions to equation (4.32), namely

X,=({t—1Dy, £x,and Y, = 2(t — 1)z, + yp.
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Let

X = (t_1>yn+xn

Y =20t -1z, +yn,
and

X, =({t—1Dy, —x,

Y. =2(t — 1)z, — yn.

n

We substitute x,, and y,, in X;7, Y7, X~ and Y, to obtain the following.

2v2X,F = (3+2v2)"(V2(t — 1) + 1) + (3 - 2v2)"(V2(t — 1) - 1)
2V = (34 2vV2)"(V2(t —1) +1) — (3 —2vV2)"(V2(t —1) = 1)

and

22X = (3+2V2)"(V2(t—1)— 1)+ (3—2vV2)"(V2(t — 1) + 1)
2V = (34+2vV2)"(V2(t—1) —1) — (3 —2v2)"(v2(t — 1) + 1),

which individually satisfy the recurrence relation

qu = 6X§—1 - X7:zt—2

Yn:t = 6Ynﬂil - Yn:EQ

There are two sequences of solution to equation (4.10) both X,, and Y}, such that X,
X, X5 Xo, XS, Xy, cand YT, YL Yo, Yo, YVoP, Yo, which are skipped by the
another one and it is also true for vice versa. Then we force the recurrence relations to be

X,=6X, o— X, 4and Y, = 6Y,,_5—Y, 4. Since we already have the required com-

ponents n from equation (4.31), x = 2r+¢+3and y = /82 + 24r + 8(r + 2)t + 17,
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we would discover the n'" t-neo balancing number by

2P = (2r +5) £ \/8r2 + 247 + 8(r + 2)t + 17
=2r+t+3+X, +2—t

=XF4+YE-(t-2).

Therefore,

1
= §(Xff +Y5 = (t=2)).

Moreover, we substitute X, and Y,, and obtain the recurrence relation for t-neo balancing

numbers via recurrence relations of X,, and Y,,.

plio = U, - e (=)
=6X, 90— Xpu+6Yy o =Y, 4= (t—2)
=6[Xp2+Yno—(t—2)]—[Xpu+You—(t-2)]+6(t—2)—(t—2)—(t—2)

= 6(2Pt_,) — 2P!_, +4(t — 2).

Therefore,

Pl =6P' ,— P' ,+2(t—2), wheret > 5. (4.34)

O

We compute the first three t-neo balancing numbers by putting value of n for proof
the following theorem. Furthermore, the sequence { X'} and {Y, "} generate odd t-neo
balancing numbers, meanwhile { X } and {Y, } generate even t-neo balancing numbers
as shown in table 7 below.

Table 7. First three t-neo balancing numbers

n XF Yt X, Y~ PUX, Y )| PYX,,Y )
1] 3t—-1 4t — 1 3t —5 4 -7 3t 3t —95

2| 17t =5 24t -7 17t — 29 24t — 41 20t — 5 20t — 34
3199t —29 | 140t — 41 | 99¢ — 169 | 140t — 239 | 119t — 34 119t — 203
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4.2.2 Function Generating t-Neo Balancing Numbers

In this section, we will introduce the function which can generate the next t-neo balanc-

ing number as the following theorem.

Theorem 4.16. Let t be a non negative integer and t > 3. If x is a t-neo balancing

number, then

f(z) =3z +t— 2+ /822 + 8x(t — 2) + (2t — 3)2 (4.35)

is a t-neo balancing number.

Proof. Letu = f(z). Then we have x < u and obtain that

T=3u+t—2—/8u+8u(t—2)+ (2t — 3)

Since we have known that z is a t-neo balancing number, then we would obtain that
8u® + 8u(t —2) + (2t — 3)? is a perfect square. From Theorem 4.14, u = f(z) is a t-neo

balancing numbers. O

Theorem 4.17. If x is the n'" t-neo balancing number, then the (n+2)"" t-neo balancing

number is

f(z) =3z +t— 2+ /822 + 8x(t — 2) + (2t — 3)2 (4.36)

and the (n — 2)™" t-neo balancing number is

f(z) =3z +t—2— /8224 8x(t — 2) + (2t — 3)2 (4.37)

forn>3andt > 3.

Proof. Let t be a non negative integer where ¢t > 3. Define the function f : [0,00) —

[3t — 5,00) by

f(x) =3z 4+t —2+ /822 + 8x(t — 2) + (2t — 3)2.

Since
16z + 4x(t — 2)

24/822 + 8x(t — 2) + (2t — 3)2

f'(z) =3+

we obtain that f is a strictly increasing function.. Then f is invertible and x < f(x) for

all z > 0. Hence f~! exists f~!(x) < x. Moreover, we have f~!(z) = 3z +t — 2 —
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/822 + 8z(t — 2) + (2t — 3)2. Let g(z) = f~'(x). Since

8¢%(x) + 8g(x)t — 16g(x) + 4> — 12t + 9

= (3V/8e7 +8a(t—2) + (2 — 3)? - 8g(a) — 4(t 2))2 :

we obtain that 8¢%(z) + 8¢(x)t — 16g(x) + 4¢* — 12t + 9 is a perfect square. Thus,
g(z) = f~!(x) also is a t-neo balancing number. Currently, we will prove the rest
of this proof by mathematical induction. Since the first three t-neo balancing numbers
obtained from X*, and Y. are P} = 3t, P = 20t — 5 and P} = 119t — 34 and
the first three t-neo balancing numbers obtained from X, and Y, are P} = 3t — 5,
P} = 20t — 34 and P§ = 119t — 203 which satisfy the condition f(P}) = P,, and X,
and Y, generate the odd terms for t-neo balancing numbers and X, , and Y, generate

the even terms for t-neo balancing numbers respectively. Therefore,

P{(X], Y1) = P,
P{(X{,Y) =Py,
Py (X5, Y;") = Py,
Py(Xy,Yy ) = Fj,
Py(Xs,Y5") = B,
Py(Xg,Yy ) = Fg.

We will assume the hypothesis P(n) that there is no even (or odd) t-neo balancing num-
ber between P’ | and P!. Assume that P(k) is true. Therefore, there is no even (or
odd) t-neo balancing number between P;_,; and P}. Then we suppose that there exists

a t-neo balancing number y between P} and P/ ;. Therefore,

P! <y< Pl
NP <f 'y < (P
P, <[y < P
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Since f~!(y) also is a t-neo balancing number, this is a contradiction. Then, there is no

even (or 0dd) t-neo balancing number between P! | and P!. O

4.2.3 Property of t-Neo Balancing Numbers

Theorem 4.18. If P! is the n'" t-neo balancing number, then
[Pl — (t—2)2 - P.,P:_, = (2t —3)%.

forn > 3andt > 3.
Proof. Since P! , = 6P! — P!_, + 2(t — 2), we have

1
o7 (P, +Pl_,—2(t—2)) =6.

n

Similarly, we have

(Pt + P!, —2(t—2)) = 6. Then

t
n—2

[Pryz + Prg — 20t = 2)1(Pry) = [P + Py — 2(t = 2)1(Py)

PP, + (Piy)’ — 2P, ,(t—2)= (P’ + PP, ,—2P.(t — 2))

g
P oPra+ (Proa)’ = 2P, 5(t = 2) + (t = 2)° = (Pp)* + PoPypy — 2P, (t — 2)) + (t — 2)°

P£+2P£—2 piy [P£—2 — (= 2)]2 ~~ [Prtz — (= 2)]2 + P£P£—4'
Therefore, we get

[Pz = (t=2)] = PP,y = [P = (t = 2)] = PpP . (4.38)

n n

In the same way, we obtain

[Pt—4 - (t - 2)]2 - P£—2P£—6 = [P:L—Q - (t - 2)]2 — PP, (4.39)

n n+ n—4-
From equation (4.38) and (4.39), we have

[PYtL - (t - 2)]2 - PTtL—"2PTtL—2 - [PTtL—4 - (t - 2)}2 - P£—2P

n—6
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Continuing along these lines, we obtain

[P — (t—2)]* — PIP! ifnisodd

4.40
Pl (=22 — PP ifniseven, 0

[Pri_(t_Q)]Q_P:LHP:L—Q:{

where P! = 3t, Pt = 20t — 5, P! = 119t — 34 and P! = 3t — 5, P! = 20t — 34,
Pt =119t — 203. If n is odd, then we have

[P¥= ("= 2)|*'= PiPI =206 —5' = (t-— 2)]° =(31)(119¢ — 34)
— (19t — 3)°=,35712 - 102¢
= 361t — 114¢ + 9 — 357t* + 102t
= 41> — 12t 4+ 9

= (2t -3)%
If n is even, then we have

[Bf — (& — 2)]2 = PP} = [206 — 34 — (t.— 2)]* = (3¢t — 5)(119¢t — 203)
= (19t — 32) — (357t* — 1204t + 105)

= 361t> — 1216t + 1024 — (357¢* — 1204t + 105)

=42 — 12t +9
= (2t — 3)2.
Therefore,
[Py = (t = 2)]* = P, P, o = (2t — 3)%. (4.41)

Definition 4.19. Lucas t-neo balancing numbers

Fort,n > 3,if Pl = 3P, +t — 2+ \/8(P!)2 4+ 8PL(t — 2) + (2t + 3)2 is the

(n + 2)'" t-neo balancing number, then the n'* Lucas t-neo balancing number is

¢t = \/8(P!)2 4+ 8PL(t — 2) + (2t + 3)2. (4.42)

n
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Theorem 4.20. The Lucas t-neo balancing numbers satisfy ct,, = 6c!, — cl,_, where
n>3andt > 3.
Proof. Since ¢!, = \/8(PL)? + 8PL(t — 2) + (2t + 3)2, we have
Chys = \[8(Plig)? +8PLy(t — 2) + (2t — 3)2
Since P!,, = 3P+t — 2+ /8(PL)2 + 8PL(t — 2) + (2t — 3)2, we have
Pl ,=3P.+t—2+d,. (4.43)

Then

8(PL,)? =8P, +t—2+c)?

= 72(P!)? + 8(t — 2)% + 8(ct)? + 48P (t — 2) + 48P!c + 16¢L (t — 2).
By Theorem 4.18, we have

(Qt — 3)2 = [Pqi — (t — 2)]2 i Pftz+2P7tz—2
=[PL—(t—2)>— B8P+t —2+ R ,)BP._,+t—2+R,_,)

= —8(P)? + (c,)? = 8P4(t — 2).
Then we combine them and obtain that
o =3c, + 8P, +4(t — 2). (4.44)
Similarly, we will consider ¢!, ,. Then we will get
by =3c — 8P —4(t —2). (4.45)

Combining equation (4.44) and (4.45) yields

t it ot
Cpyo = 6C, — ) _o.
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Theorem 4.21. If ¢! is the n'™ Lucas t-neo balancing number, ¢!, = Aa™ + Bj3", with

a:\/3+2\/§,/8:\/3+2\/§f0rn23andt23.

Proof. Since the recurrence relation for ¢}, is a fourth order homogeneous recurrence

relation, we have the characteristic equation
m* —6m*+1=0.
Let y = m2. We get
y? —6y+1=0.

Therefore,

6 + /32
Y=g

E 38

Thus, m = \/3 & 2+/2. Hence, we obtain the solution ¢t = Aa™ + BB" for a homoge-

neous recurrence relation, where o = /3 + 2v/2, 6=v3+ 2V/2. ]

Theorem 4.22. The recurrence relation of t-neo balancer is
Rl = OR, — RL_,+ 2

forn > 3 fort > 3.

Proof. By equation (4.30), we have

—2P! =2t —1+¢,
5 5

where R denote the n'* t-neo balancer. Then, by equation (4.46), equation (4.45), and

R, =r= (4.46)
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eqation (4.43) we have

o, = 3c — (8P +4(t —2)),

Pri—? = 3PrtL+(t_2)_c7tw

and
ORl.,, = —2PL,,—2%—1+dc,,
o = 3¢, + (8P +4(t —2)),
Pt, = 3P+ (t—2)+c.
Then,
9R. , = —14P! —6(t—2)+5c —2t — 1 (4.47)
gy, S oPEro(: Ak . S| (4.48)

From equation (4.47) and equation (4.48), we have

2R ,+2R'., = —12P!—4(t—2)+ 6, — 4t — 2

= 2R} +4t+12.

Therefore,

4.3 Sequence t-Neo balancing numbers

4.3.1 Sequences on Sequence t-Neo Balancing numbers from certain se-

quences

In this section, we introduce combinations of sequence and t-neo balancing num-

bers which are called sequence t-neo balancing numbers.
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Definition 4.23. Sequence t-neo balancing numbers
Let {a,,}5°_, be a real sequence and t € 7*. The number a,, is called a sequence
t-neo balancing number if

a1+ ay+az+ -+ AQp-1 = Gpyt—1 + Ot + Qi1 + 0+ Qgtpr, (4.49)

for some integer r > —1.

4.3.2 Sequence t-neo balancing numbers associate to the sequence {a,,} =

{2m — 1}

Theorem 4.24. Let t be any positive integers. Then there exists a positive integer m,
such that a number a,, = 2m — 1 is a sequence t-neo balancing number if and only if

812 + 247 + 8rt + 16t + 16 is a perfect square for some integer r.

Proof. Since equation (4.49), we survey a sequence t-neo balancing numbers by a cer-
tain sequence. Hence, we find a sequence a,, = 2m — 1, which is called the sequence

t-neo balancing numbers if

LR S R 93 (R - 20 0) + (2alft 20 gt) S iR OF - 2r — 1)

(4.50)
2m = 2r + 6 + /872 + 24r + 8rt + 16t + 16. (4.51)
Then 8r% + 24r + 8rt + 16t + 16 must be a perfect square. ]

4.3.3 Recurrence relations for sequence t-neo balancing numbers

Theorem 4.25. If a,, = 2m — 1, then the recurrence relation for the sequence t-neo
balancing number s index is

Map—1 = 6Map_3 — Maop_5 — 6

for n > 3. Subsequently, the recurrence relation for the sequence t-neo balancing
number is

Amg,_1 = 6am2n73 = Qmg,_5 T 4t — 8

forn >3andt > 3.
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Proof. Since a,, is a sequence t-neo balancing number, the term

82 + 24r + 8rt + 16t + 16

in equation (4.52) is a perfect square. Then we let

y = V/8r2 + 24r + 8rt + 16t + 16.

If we choose = = 4r + 6 + 2t, then we will obtain
r? — 2% = (2(t — 1)) = 8. (4.52)
Therefore, we obtain the triple
as a solution to the equation (4.52). As before, it is known that the Pell’s equation
2 -2y =1 (4.54)

has solutions

T = Sl3+2VE)" +(3-2v3))

U = %[(3 +2v2)" — (3 — 2v/2)"].

Therefore, we have the triple (Z,,, ,, 1) for equation (4.54). Thus, we apply the Brah-
magupta’s identity to (2(¢ — 1), 2, (2(t — 1))*> — 8) and (Z,,, ¥, 1).
Table 8. Application of Brahmagupta’s identity to sequence t-neo balancing number

am =2m — 1

J Lj Yj k; 122 + 2Y1Y2 T1Y2 + T2l
L]2t=1)| 2 | (20t =1)2 =8| 2(t — D)@, + 2(27n) | 2(t — 1)Gp + 22
2 Ty Un, 1

Thus, we find solutions

Xt =2(t—1)z, +2(27,)

Y,F=2(t — 1)y, + 27,



and

X, =2(t— 1)z, —2(279,)

Y. =2t — 1)y, — 2Z,,

n

of (4.52). Subsequently, we substitute z,, and 7,,. Then we obtain

2X;F = (3+2v2)"(2(t — 1) +2v2) + (3 — 2v2)"(2(t — 1) — 2V/2)
V2V = (34+2vV2)"(2(t — 1) +2v2) — (3 — 2V2)"(2(t — 1) — 2V/2)

and

2X- = (34 2V2)"(2(t — 1) — 2v/2) + (3 — 2v2)"(2(t — 1) + 2/2)
22V, = (3+2vV2)M(2(t — 1) — 2v/2) — (3 — 2v/2)"(2(t — 1) 4 2V/2).

Then it can be shown thatX £, and Y, satisfy the recurrence relation

Xy = 6X§—1 - Xf—2

K= =6y

Since

2m = 2r + 6 + /82 + 24r + 8rt + 16t + 16,

r=4r + 6+ 2t,

y = /82 + 24r + 8rt + 16t + 16,

we obtain
r—6—2t
= —

48
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and

2m,, = 2r + 6 + V/8r2 + 24r + 8rt + 16t + 16

X, —6—2t
= 6 Y

Then by recurrence relations for X, and Y,,, we have

dm,, = X, +2Y, +6 — 2t
=6X,-1— X5 2+2(6Y,1—Y, 2)+6—2¢
=6(X,1+2Y, 1+6—2t) — (X, 2+2Y, o +6—2t)+8 —24

= 6(4dm,_1) — 4m,_o + 8t — 24.

Then we get the index’s relation

m, = 6m,_1 — m,_o + 2t — 6.

Since a,, = 2m — 1, we obtain the recurrence relation

O R Tl
= 2(6my_y — My_s + 2t — 6) — 1

= 6am,_, — Qm,_, +4(t — 2).

Table 9. Examples of sequence t-neo balancing numbers in 2m — 1

n | m (X,,Y") | mH(XI, Y} - Ayt

1 3t—1T 3t+3 6t — 15 6t + 5
2 20t — 48 20t 4 10 40t — 97 40t + 19
3| 119t — 287 119t + 51 238t — 575 | 238t + 101

Similar to section t-neo balancing numbers, there are two sequences both X,,, X*, Y,
and Y," such that X, X7, Xy, X5, X5, X3, ... and Y7, Y, Y5, Y5 Y5 Y55, . ... We find
that the sequence is skipped by another one for each. But there is ¢ = 3 such that, m,, and

A, 1s shifted 1 step of m;, and a,,:. Nevertheless, ¢ = 3 also obey skipped recurrence.



Hence, we force the recurrence to be

amn = 6amn—2 - amn—4 + 4(t - 2)

and the index’s recurrence

my, = 6My,_9 — My_4 + 2t — 6.

50



CHAPTER 5
CONCLUSION AND DISCUSSION

Firstly, we investigate the sequence neo balancing numbers as a linear se-
quence and generalize to arbitrary integer k. Then we obtain rule and properties for gen-
eralized sequence neo balancing numbers. Then we survey the t-neo balancing numbers
and discover some related results. Finally, we shift focus to sequence t-neo balancing
numbers. Then we find law for sequence t-neo balancing numbers in certain sequences.
Ultimately, we find many results though applications of Brahmagupta’s identity and

solving Pell’s equations.
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